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Abstract. The initial value problem of the Zakharov system on two dimensional torus with 
general period is shown to be locally well-posed in the Sobolev spaces of optimal regularity, 
including the energy space. Unlike the one dimensional case studied by Takaoka (1999), the 
optimal regularity does not depend on the period of torus. Proof relies on a standard iteration 
, argument using the Bourgain norms. The same strategy is also applicable to three and higher 

' dimensional cases 

D 

1. Introduction 

^ ! In the present paper, we investigate the initial value problem of the Zakharov system with 

. ! periodic boundary condition: 

'. { idtu + A„n = \nu, u : [-T, T] x ^ C, 

4a2n-A,n = A^dnp), n : [-T,T] x ^ R, (1.1) 

^ {u,n,^tn)\^^^^ = (no,no,ni) G F*'', 

where 

(N ■ 

AgC\{0}, CO GM+ := (0,oo), a,jGR%, /3 G M'* \ {(0, . . . , 0)} (1.2) 

o\ 

^ ■ are constants, 

Aq := aiTT-o H ^ "dTT^ 

denotes the Laplacian with general coefficients a, and 

:= (]R/27r7iZ) x • • • x (M/27r7rfZ) 

denotes the d dimensional torus of general period 2717. For a 27r7-periodic function ip, we define 
the Fourier coefficients Fx^{k) = (p{k) by 

[p(k) := I e-'^-''^{x) dx, G := (7^ ^Z) x • • • x (7^"^^). 

We also define the spacetime Fourier transform of a function u(t, x) on M x TS[ in the usual 
fashion, denoted by J^t,xu{T, k) = u{t, k). Then, the spaces of initial data 

jjs,l ._ jjs^jd.^-^ ^ i?'(T^;M) X F'~1(T^;M) 
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for 



s, / G M are the Sobolev spaces on 
11(^0, no, ni)||!,,,, 




equipped with the norm 




2U/2 



This equation, introduced by Zakharov [22], is a mathematical model for the Langmuir tur- 
bulence in unmagnetized ionized plasma; u represents the slowly varying envelope of rapidly 
oscillating electric field, and n is the deviation of ion density from its mean. It is natural from 
the physical point of view to consider spatially anisotropic Laplacians or tori. Nevertheless, we 
can normalize constants as cq = 1, a = (1, . . . , 1) by a spacetime scaling. In this article, all 
of these constants are supposed to be fixed and we will not consider parameter limits such as 
Co — )• oo and |7j| — > oo. 

We study the local well-posedness of the initial value problem (1.1) in i?'*''. Here, the local 
well-posedness in if*'' means the existence of local-in-time strong solutions belonging to the 
class 



(we write {u,n) G C{[—T,T];H^''') to denote this for short), uniqueness of solutions in a suitable 
function space, and continuous dependence of solutions upon initial data. The aim of this 
article is to establish the above properties in as low regularity as possible. To prove these 
properties, we shall use the basic Bourgain method ([4]), namely, an iteration argument for the 
integral equations corresponding to the initial value problem (1.1) using the Bourgain norms to 
be defined later. One of the motivations for pushing down the regularity is to construct strong 
solutions in the regularity of conservation laws, such as the energy class. For the Zakharov 
system, the local well-posedness in the energy class, which is roughly H^'^, is known for the 
cases of a; G M, M^, M^, and T ([9, 12, 18]), and we shall prove this for T^. Another interest in 
the low regularity is construction of invariant measures, which was only achieved in the case of 
T ([5]). We will not address this issue, however. 

Well-posedness of the initial value problem for the Zakharov system has been extensively 
studied for the nonperiodic case x G M'^. We recall some of them here, focusing on the particular 
case I = s — ^. It is expected that the optimal (lowest) corner of the regularity range for well- 
posedness appears on the line I = s — ^, because in this case two equations in the Zakharov 
system equally share the loss of derivative. In addition, the "critical regularity" with respect 
to scaling, which is = (^^,^^), is also on this line. (The Zakharov system does not 

have the scaling invariance, but the concept of critical regularity was introduced in [12] by 
considering some simplified system which is scaling- invariant.) Then, the Zakharov system on 
M and was shown to be locally well-posed in H^'~2 by Ginibre, Tsutsumi, Velo [12] and by 
Bejenaru, Herr, Holmer, Tataru [2], respectively. In these cases H^'~2 is known to be the lowest 
regularity that can be achieved by the direct iteration method, although it is away from the 
scaling-critical regularity. In higher dimensional cases, the local well-posedness was established 



uGC([-r,r];F^(T^;C)), 
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in the whole subcritical range, namely, in H^"'^'"'^"'^'' with any e > 0, in [12] for d > 4 and by 
Bejenaru, Herr [1] for d = 3. The well-posedness in the energy class H^'^, which is not on the 
line I = s — was obtained by Bourgain, Colliander [9] for d = 2,3 and in [12] for d = 1. 

Compared to this, there are few results on the periodic boundary value problem. As far as the 
author knows, no well-posedness result for d > 2 has been found so far in the literature. However, 
in the case of one spatial dimension, the sharp local well-posedness was given by Takaoka [18], 
which is again in the lowest regularity achieved by the direct iterative approach. In [18] it was 
shown that (1.1) is locally well-posed in H^~^/'^ when 7 N and in H^^'^'^ when 7 G N, both of 
which are sharp. Note that the best regularity depends on the spatial period. We also remark 
that an invariant Gibbs measure was constructed by Bourgain [5] in the one dimensional, 7 = 1 
case. 

Our main results address the case d > 2. It seems interesting that the period 7 has nothing 
to do with the regularity threshold, in contrast to the Id case. 

Theorem 1.1. Let d> 2. Then, for any 7 G W^, (1.1) is locally well-posed in H'^'^ with {s,l) 
in the range 

0<s-l<l, 2s>l + ^>d-l, (for d>3) (1.3) 
< s - / < 1, 2s > / + 1 > 1. {for d = 2) (1.4) 

The precise statement for well-posedness results will be given in Theorem 2.3 after introducing 
function spaces. Next, we give negative results. 

Theorem 1.2. For any d > 2 and 7 G M^J., the data-to- solution map of (1.1) on smooth data 
cannot extend to a map from any neighborhood of the origin in H^'^ into C([— T, T]; H^''') for 
any T > 0, provided I > min{2s — 1, s + 1} or I < max{0, s — 2}. Moreover, if d = 2 and s < |, 
/ > 0, / > 2s — 1, then (1.1) is ill-posed in H'^'K 

See Figure 1 for the ranges of regularity in these theorems. We remark that in 2d there is 
no gap between the regularity ranges indicated in Theorems 1.1 and 1.2, at least on the line 
I = s — i^. In this sense we can say that our local well-posedness result for 2d is optimal. For the 
results of d > 3, there still remains some gaps between the ranges given in two theorems above. 
Theorem 1.2 will be given as a part of Theorem 5.1 below. 

Under some condition on parameters, (1.1) is also described as a Hamiltonian PDE assuming 
that the initial velocity has zero mean, namely ni(0) = 0. In the case where cq = A = 1 and 
Q! = /3=(l,...,l), the Hamiltonian is given by 

H{u,n){t) := \\Vu{t)\\l^ + h\\n{t)\\l^ + \\\V\~^dtri{t)\\l^)+ [ n{t,x)\u{t,x)\^ dx. 

The energy space is then x x |V|L^, which is a closed subspace of H"^'^ invariant under 
the flow. Since Theorem 1.1 implies the local well-posedness in H"^'^ in the 2d case, using the 
conservation law of the Hamiltonian we obtain the global well-posedness in the energy space in 
2d under some smallness assumption. 
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Figure 1. Regularity assumptions in Theorems 1.1 and 1.2, d = 2 (left) and 
d > 3 (right). The phrase "not C^" means that there does not exist the data-to- 
solution map which is an extension of the map for smooth data and in with 
respect to the i?^'' norm. 



Corollary 1.3. Let d = 2, a,/3 G W^, cq, A > 0. A ssume that a and /3 are linearly dependent. 
Then, for initial data {uo,nQ,ni) G H^'^ satisfying ni(0) = and ||?io||i2 <^ 1, the solution to 
(1.1) exists globally in time. 

The global existence of solution and the blow-up problem for the Zakharov system on 
will be discussed further in our forthcoming paper [16]. In particular, it will turn out that we 
do not have to assume ni(0) = 0, and that the assumption ||«o||l2 ^ 1 can be replaced with 
||uo||L2(']r2) < ||Q||l2(]jj2), which is the optimal threshold in the sense that there exists a finite- 
time blow-up solution starting from an initial datum with ||uo||i2 greater than but arbitrarily 
close to ||Q||L2(ig2). Here, Q denotes the ground state solution to the focusing cubic nonlinear 
Schrodinger equation on M^. These results are the periodic counterpart of the results on 
given by Glangetas and Merle [14, 13]. 

The plan of this article is as follows. In Section 2, we will define the Bourgain spaces and 
prepare some fundamental estimates. Using them, we will prove a variety of trilinear estimates 
in Section 3, which will be combined to establish Theorem 1.1 in Section 4. Finally, we will give 
a proof of Theorem 1.2 in Section 5. 

In the rest of this section, we take a brief look at our problem and strategies. Throughout 
this article, we write A < B to denote the estimate A < CB with a constant C > 0, which may 
depend on some parameters in a harmless way, and denote A<B<AhjAr^B. A ^ B 
means that A > CB with some sufficiently large constant C > 0. Also, we use the notation a+ 
or a— for a € M to denote a + e or a — e, respectively, with e > arbitrarily small. 
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Let us first see the difference of our case from tlie Id problem treated in [18]. For tlie sake of 
simplicity, we assume cq = A = 1 and a = /3 = (l,...,l). The initial value problem is replaced 
by the following system of integral equations: 



u{t) = e^'^uo - i I e^(*-*')^ [n{t')uit')] dt\ 







sin(t|V|) 



n(t) = cos(t|V|)no H ^p^ni + / s\ii{{t - t')\V\)\V\[u{t')u{t')\ dt' . 







The standard iteration method requires a suitable control of all the iteration term by the 
initial data. For instance, the quadratic iteration term for the wave equation: 

rt 



I sin((t - t')|V|)|V| [e**'^no • e**'^no] dt' 
Jo 



would be controlled in by the norm of initial data uq if we could obtain a local solution 
by the iteration method in H'^'K The Fourier coefficient of it at k is calculated as 

c / sin(|A;|(t-0)l'^i^ Y e-'\^-^'\''^'u^{k - k'y\^'\''''u^{-k') dt' 



= c\k\ ^re^"''''*^ Yl Mk-k')M-k') [\^{--\k\~\k~k'\^+\k'?}t' dt\ (1.5) 

where I7I := 7172 ■ ■ ■'Jd- The term \k\ in (1.5) indicates one derivative loss. However, note that 
the integral in (1.5) is bounded by 2/M, where 

M := I -cr|A;| - \k-k'\'^ + |A;'|2|. 

If M is sufficiently large, then we can cancel (some of) the derivative loss |A;| with this integral 
(non-resonant case). On the other hand, if M is small (especially if M < 1), we can gain no 
derivative to cancel \k\ with (resonant case). As we will see in the proof of Theorem 5.1, the 
resonance phenomenon in the quadratic iteration term plays an essential role in determining the 
optimal regularity for the iteration method. 
In Id, M can be rewritten as 

M = \k\ - a + \2k' - k\sgn(k(2k' - k)) 

- 0-7 + 7|2A;' - k\sgn(k(2k' - k)) 



Note that the second absolute value of the right hand side can be equal to zero for some k,k' G 
7~"^Z (\k\ large) if and only if 7 S N. In the case of 7 G N, we consider, for example, k = 2N — 1 
and k' = N for an arbitrary N gN, then the resonance will happen when a = +1. On the other 
hand, when 7 N, we easily verify that 

M>c(7)|/e|, c(7) := 7"Mist(7,Z) > 

for any k,k', which means that the integral in (1.5) provides enough gain of derivative so that 
one derivative loss can be totally cancelled out. In this case, the optimal regularity H^~^/'^ 
given in [18] is actually determined by the resonance in the cubic iteration term. 
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Situation is totally different in our higher dimensional cases, where 



M 



a + \2k' - k\ cosZ{k,2k' - k) 



Now, we can make Af < 1 with some ^ 1 by exploiting flexibility of the angle between k 
and 2k' — k, even if N. In fact, for an arbitrary (large) N gN, set 

,2N-1 1 . ,N n-1 
k = { , ,0,...,0), k' = {-, ,0,...,0) 

71 72 71 72 

with n E Z to be chosen momentarily. A direct calculation shows that 
M = 



(2N - 1)2 1 2N -1 1 2n 
— I 1 1 

2 2^2 2 

7i 72 7i 72 72 



Then, for any 7 and fixed N we can choose n € Z so that M < 72^^. Therefore, resonance can 
happen for any period 7 in higher dimensional cases, as suggested in our theorems. 

We finally explain our strategy to prove the crucial nonlinear estimates. Following an approach 
taken in [2] for the case of M^^ will use the Bourgain spaces of i^-Besov type with respect to 
modulations as the spaces for iteration (see Section 2 for its definition). This structure, originally 
introduced in [21], easily reduces the nonlinear estimates to the corresponding estimates for 
functions restricted dyadically with respect to the size of frequency and modulation. These 
"block estimates," as systematically treated in [20], will be shown via the Cauchy-Schwarz 
inequality and the estimate on the amount of contributing frequency pairs in the nonlinear 
interaction between considered frequency blocks. In some cases, as done in [2], we have to employ 
some finer decompositions of functions with respect to the angle of frequency. Then, all the 
estimates will be combined to yield estimates on functions with no restriction, via the Cauchy- 
Schwarz inequality together with the £^-Besov nature of the spaces and some orthogonality 
properties. 

In the nonperiodic case, the total volume of contributing frequencies in each "block estimate" 
can be often measured simply by the Jacobian determinant of an appropriate change of variables; 
see [10], for instance. The reason behind it is that the volume is a continuous quantity. In fact, 
similar results are expected for the problem on the mixed space M x T; see e.g. [19] for a result 
of this direction. 

In the purely periodic case, however, the total number of contributing frequencies is discrete 
and the change of variables argument can be applicable only in the restricted situations. This 
is closely related to the less dispersive nature of the periodic problem; recall that the local 
smoothing estimate for the linear Schrodinger evolution, which gains half a derivative in space, 
totally fails in the periodic setting. Hence, the "block estimates" for the M2 case [2] cannot be 
extended to the T'^ case in any obvious manner, indeed our result on is half a regularity worse 
than the result on M? but optimal in the sense of Theorem 1.2. 

We will obtain sharp upper bounds on the total number of contributing frequencies through 
careful geometric observations and orthogonality arguments. As mentioned above, in the case 
of stronger resonance (i.e. smaller value of M) we can only expect weaker nonlinear smoothing 
effect. Consider, for example, the nonlinear interaction in which the wave frequency k is produced 
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by two Schrodinger frequencies k — k', k' satisfying the relation 

M = I - a\k\ -\k- k'l"^ + \k'\^\ ~ L 

for some L <^ \k\ (thus the nonhnear smoothing effect is not as strong as one derivative). We 
easily see that < |fc — /c'| ~ |A;'|. In addition, the above implies the following two relations: 

li'=-^'i-MI<^i^<i. 

From (1.6) we see that the difference between sizes of two Schrodinger frequencies is always 
bounded by 1, which (by an orthogonality argument) allows us to restrict both frequencies to 
an annulus of thickness < 1 centered at the origin. On the other hand, (1.7) shows that k' is 
confined to some plate-like region of thickness ~ ^ 1 for fixed k. As a consequence, for fixed 
/c, the Schrodinger frequency k' which contributes through the nonlinear interaction is confined 
to a small region described as the intersection of a thin annulus and a thin plate. We will 
carefully count the number of such A:', which will turn out to be small enough to countervail the 
lack of smoothing effect, obtaining the desired nonlinear estimates. 

We also note that the difference of ^ regularity between results on and is due to the 
estimates for (nearly) resonant frequencies; Propositions 3.5, 3.6, and 3.8 below. In fact, these 
estimates require ^ more derivative compared to the M? case; Propositions 4.4, 4.6, and 4.7 in 
[2]. If we consider instead the "high- low interaction" case \k — k'\ <^ \k'\ or \k — k'\ ^ \k'\, where 
it holds M ~ \k\^ (thus non-resonant), then we can obtain an estimate for similar to (even 
better than) that for R^; compare Proposition 3.2 below with Proposition 4.8 in [2]. 

We conclude this section by making one more remark. In the multidimensional periodic 
setting, some number theoretic arguments are often employed in counting the number of lattice 
points belonging to a particular frequency region. One of such tricks are the following estimate: 

#{ £ Z'^ I iV < \k\^ < iV + 1 } < exp d>2, iV»l, (1.8) 

log log A* 

which has been repeatedly used since the work of Bourgain [4]. It seems not so easy, however, 
to harmonize the estimate of this type with our geometric considerations. In the proof of the 
nonlinear estimates we will never quote such number theoretic tricks. Instead, when counting 
the number of frequencies, we will simply use the fact that there are at most 0(1) (depending 
on 7, d) lattice points of Z^J in any ball C R"' of unit size. Hence, our argument can be applied to 
the case of any spatial period 7. Note that the above estimate (1.8) is not known if we replace 
Z'^ with "irrational tori" Z^, as mentioned in [8]. Some Strichartz-type inequalities related to 
the Schrodinger equation on irrational tori were also obtained in [8]. 

2. Settings, Preliminaries 

We turn to the details of the well-posedness theory. For the reader's convenience, some of the 
notations introduced below are the same as those used in [2] . 



8 



NOBU KISHIMOTO 



It is convenient to reduce the original Zakharov system to a first-order system by putting 

w := n + i{y)~^dtn, wq := np + i(V)~"'"ni. 

Here, (V) denotes the spatial Fourier multiplier corresponding to {k). The new system is then 
given by 

idtu + i:^u = ^{w + w)u, G [-r,r] X TSj, 

idtw - {\/)w = -{Vr'A^{\u\') - (V)-^H±H, (2.1) 

Note that we have normalized constants as a = (1, . . . , 1), cq = 1. Since n is real-valued, we can 
recover the solution to (1.1) from a given solution {u,w) to (2.1) by letting n be the real part 
of w. The following is the corresponding system of integral equations. 

u{t) = e**^no - - /* e^(*-*')^ [{w + w)u] {t') dt' , 

^ ^ (2.2) 
w{t) = e-*<^>«;o + ^ ^ e-(*-*')<^) [^(nn) + ^{w + w)] (f) dt' . 

As we have seen in Section 1, serious resonances can occur without regard to the period 7 in 
the higher dimensional cases. However, most of the frequency pairs {k,k') are non-resonant. In 
establishing nonlinear estimates, it will be important to make best use of the nonlinear smoothing 
effect which comes from the oscillations of solutions and nonlinear interactions between such non- 
resonant frequency pairs. It is well-known that the Bourgain norms are very well fit for this 
purpose. 

Definition 2.1 (Littlewood-Paley decomposition). Let r] G C^(M) be an even function with 
the properties 

r/ = l on [-1,1], supp ?? C (-2,2), < 77 < 1. 
Define a partition of unity on M, t/tv for dyadic > 1, by 

m-=V, VN{r):=rj{j^)-7liw)^ ^ > 2. 
Define the frequency localization operator P^r on functions 93 : — )• C by 

We also use the notation Pjy to denote the operator on functions in {t,x), 

F^{PNu){t,k) ■.= 'nN{\k\)u{t,k). 

Also, define the operators Q|, on spacetime functions by 

Tt,^{Qlu){T, k) := r]L{T + \k\^)u{T, k), Ji,,(gf ±«;)(r, k) := rj^T ± \k\)w{T, k) 
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for dyadic numbers L > 1. We will write P§f i = PnQl, Pn% = PnQ^^ for brevity. Finally, 
we define several dyadic frequency regions: 

^i:={{T,k)\\k\<2], *P7v:={(T,A;)|f <|A;| <27V}, iV > 2, 
Si := { (t,A;) I |r + |/e|2| < 2}, 6^ := { (r, A:) | ■§ < |r + < 2L }, L > 2, 
2rrf := { (t,A;) I |r± |A;|| < 2}, 211^ := { (r, A;) | f < |t ± |A;|| < 2L }, L>2. 

In what follows, capital letters N and L are always used to denote dyadic numbers > 1. We will 
often use these capital letters with various subscripts, and also the notation 

Nij,„ := max{7Vi, iVj, . . . }, iV,j,„ := min{7Vi, iV^, . . . }. 

The following will be used for the specific indices; 

^max := -^012) -^min := ^^^012' -^^max '■= Loi2, -^min '■= Lj012- 

Definition 2.2 (Bourgain spaces). For s,b gM. and 1 <p < oo, define the Bourgain space for 
the Schrodinger equation X^^'^ and that for reduced wave equations by the completion 

of functions C°° in space and Schwartz in time with respect to 

We also define the Bourgain space for the wave equation X^^'^ by setting 

■■=KM\^\-\k\)^t,. 

and replacing W± with W in the above definition of X^^ . For T > 0, define the restricted 
space Xl'^'^{T) (* = 5 or W± or W) by the restrictions of distributions in X^'^'^ to (— T, T) x T^, 
with the norm 

||n||^s,6,p^^^ := inf { ||C/||j5^s,b,p | U € X^'^'^ is an extension of u to M x T^J }. 

Theorem 1.1 is then precisely stated as follows. 

Theorem 2.3. Let d > 2, A,co,a,/3,7 be any constants as (1.2), and let {s,l) £ M? satisfy (1.3) 
or (1.4). Then, for any r > 0, there exists a time T > min{l,r~^~} such that for any initial 
data {uQ,no,ni) in H^'^ with norm less than r, there exists a unique solution {u,n) to (1.1) in 
the class 

{u,n) G xf^'\T) X X^'^T), dtu G x'^'''^'\t), 

which is continuously embedded into C([— T, T]; ff*''). Moreover, the map {uo,no,ni) i— )• (u, n) 
is Lipschitz continuous as a map from the ball in H^''^ into the class defined above. 

To prove Theorem 2.3, it suffices to show similar statements on the reduced system (2.1); see 
[2] for details. 
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Theorem 2.4. Let d > 2, X £ C \ {0}, (3 £ R"^ \ {(0, . . . ,0)}, and let 7 G 6e any period. 
Assume that {s,l) G satisfies (1.3) or (1.4). Then, for any r > 0, there exists a time 
T > min{l,r~^~} such that for any initial data {uq,wo) G x ff' with its norm less than 

s,i,l 

r, there exists a unique solution {u,w) G Xg"^' (T) x X^^^ (T) to (2.1). Moreover, the map 
{uo,wo) I— )■ {u,w) is Lipschitz continuous as a map from the ball in x if' into Xg^'^{T) x 
x'^^iT). 

Clearly, we call {u,n) a solution to (1.1) if (u, n + i{V)~^dtn) is a solution to the integral 
equation (2.2) after the normalization of constants. The proof of Theorem 2.4 will be given in 
Section 4 with some linear and bilinear estimates. 

In the rest of this section, we prepare some preliminary lemmas. The following is a periodic 
analog of a bilinear refinement of L^-Strichartz estimate in the M.'^ case as well as similar estimates 
for the Schrodinger-wave interactions ([2, 7]). Here and in the sequel we write C = (''") ^) and 
Ic" ' ~ /tgk ~\ SfcGZ^ ■ ■ ■ • 

Lemma 2.5 (Bilinear Strichartz estimates). Let d> 2 and Nj,Lj > 1 (j = 0,1,2) be dyadic 
numbers. 

(i) Suppose that ui,U2 G L^(M x T^J) satisfy 

SUpp u{ C ^Ni n &Li , SUpp U2 C ^ ©La ■ 

We also assume Nq > 2. Then we have 

1 



2 • 

t.x 



SUpp W C ^iNo n 2IJ^„ , SUpp U C ^PaTi n ©Li . 



('iij Suppose that u,w £ L^(M x TJ^) satisfy 
T/ien we /laue 

Remark 2.6. The implicit constants in the above estimates depend only on d and 7. Here and in 
what follows we omit to specify dependence of constants on the dimension or the spatial period. 

Remark 2.7. For (i), a similar estimate was obtained in the case d = 2 by De Silva, Pavlovic, 
Staffilani, and Tzirakis [11]. Their result (Proposition 4.6 (a) in [11]) reads in our setting as 
follows: if moreover A'^i ^ or A'^i <^ N2 and the period 7 = (71,72) satisfies 71 =72, then 

1 1 

(Iki^^ll r2 =)||win2|L2 < LI L^ N_^'^ \\ui\\ 2 \\u2\\r2 ■ 



''t.x 



Compared to this, our estimate, which has a prefactor LjLj^^ff^ + ) 2 at the cost of 
restriction of frequency onto and limitation to the specific bilinear form of uinj, is verified 
by a simpler proof and applicable to the case of "irrational tori," and also implies better bound 
when L12 ^ -/Vmin- Also, we remark that bilinear Strichartz estimates in [11] were obtained as 
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a corollary of corresponding bilinear estimates for solutions to the linear Sclirodinger equations, 
while we directly verify our bilinear estimate without using the estimate for linear solutions. 

Remark 2.8. It will be clear from the proof that in (ii) we do not actually need the restriction of 
wu or idu onto the dyadic region ^n2- If we assume no restriction in A''2, the resulting estimate 
will be 



Proof, (i) Consider the case N^i^ = N_i2 first. We have 



1 



rl^2 L2/«3„ -1 ~ / Ui{Ci)u2iCl - Co) dCl\\r2 ) ^ ^Up ^(Co)^^! L2 r2 l2 

by the Cauchy-Schwarz inequality, where 

E{to, ko) := { (ri, h) G n 6li | (n - tq, h - ko) G H ©l^ }. 
Observe that if (ti,A;i) G E{(q), then 

n G ( - \ki\^ + [-2Li,2Li]) n {to - \ki - feoP + [-2L2,2L2]), 

which implies 

I - \h\^ - (to - \ki - ko\^)\ < 2(Li + Ls), 

namely, tq — |A;oP + 2A;o • ki = 0(Li2). Therefore, using the assumption Nq > 2, |iiJ(Co)| is 
bounded by 



L.12 



{k,eZ^^\\k,\<2N^,\k,-ko\<2N2,^-k, = --^ + \^ + 0{^)} 



We see that ki in the above set should be in a ball of size OlNio) with its component parallel 
to ko confined to an interval of length 0(-^), for fixed Co- Such a region (in M^) is included in 
the union of at most 0((-^ + DNfn^) balls with radius 1, which yields the bound 



\EiCo)\<L,,[^ + l)Ni^\ 

as desired. 

If iVjnin = -^0) divide Uj, j = 1, 2, into functions each of which is frequency localized 

in a cube of side length Nq. Then the orthogonality admits us to reduce the estimate to the 
case of each component. We can follow the above argument to obtain the desired bound. 

(ii) Since supp ?D C ^tvq n 221^^ if and only if supp w C ^Nof^ ^Lo' suffices to prove the 
estimate for wu. 

Consider the case where N^i^ = or Ni. Similarly to (i), the claimed estimate is reduced 

to 

\E{C2)\<L,,[^ + l)Ni^' 
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for C,2 G ^ATj, where 

E{C2) := { Co e ^TVo n 2IJ± I Co + C2 G ^Ptvi n }. 
It holds for (tq, A;o) G E{T2,k2) that 

||A:o| - 1^2! I < |A;o + A;2| < 2iVi, T2 ^ |A;o| + |/co + /c2|^ = C»(Loi), 

which imphes 

|^(C2)| < ^oi|{ ^^0 G Z'if I |A:o| ~ No, Nf > \ko + = -T2 ± 1^2! + O(loi + iVi) } 

When Lqi > A'^f or A'^i < 1, we simply replace the latter subset of with the set of all lattice 
points in a ball of radius O(Nqi), obtaining the bound 

\E{C2)\ < ^oiiV^i < L,, + l)Ni^\ 

We thus assume Lqi <^ and 1 ^ A'^i. In this case, /cq is confined to the intersection of a ball 
centered at the origin with radius 0{Nq) and an annulus centered at —k2 with a radius of 0{Ni) 
and a width of 0(^21^). Such a region (in M'^) can be covered with at most ©(^^^T^iVg]"^) 
balls of radius 1, so we reach the desired bound in the same manner. 

When N^iri = N2, we decompose w and u into functions frequency-supported on a cube of 
size N2 and reduce the estimate to that for each component, then the above proof is valid with 
some trivial modification. □ 

Lemma 2.5 will be used mainly in the case of high-modulation interactions, namely Lmax ^ 
-^max; where the nonlinear interactions supply enough smoothing effect. For the lower modu- 
lation cases, however, we will have to count more carefully the number of lattice points in a 
specific region. In many cases, as we have seen in Section 1, such a region will be described as 
the intersection of a thin annulus and a thin plate. Thus, we prepare the following lemma. 

Lemma 2.9 (Bound of lattice points). Let d> 2, N :§> I, iV~^ < fj.,i^ <^ N, X > 0, and 

D := {e = (6,0 G M xM'^-i |iV < \^\ < N + ^i, X < < X + i^}. 

Then, denoting by IZ an arbitrary rotation operator on W^, we have the following estimates for 
any 1 < Nq < N and any ball B^q C with radius Nq. 

(i) #{Z^ n n{D n S^J) < max{i/, [N{i2 + min{z., 1})] ^ . 

(a) In addition, let ^0 := (1, 0, . . . , 0) G M"^ and 

for (^f+IB^lJ^ili) 2 <^ 6 < J. Then, we have 

#(Z^ n TZiD n Bn, n Kg)) < max{z., 1} mm{N6, Nq^-^ [e-\fi + min{z., 1}) + l] . 
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Proof. We may restrict our attention to the case < 1; for v > 1 the claim fohows by shcing D 
into 0{v) subdomains and applying the estimate for = 1 to each slice. 

(i) Suppose i = {ii,^') ^ D r\ Bnq. Consider first the case X > N — {n + 21/). We observe 
that 



W\ < ^/{N + iiY-X^ < ^{N + iiY-{N-ii-2uY ~ ^N{^i + u), 

thus ^' is in a baU C of radius ~ min{ Y^A^(/i + v), Nq}. Since the assumption fj.,u > N ^ 
implies y/ N(n + z/) > 1, we see that D^B]y^^ is contained in the union of at most 0{nim{[N{fi + 
u)]^r ^ Nq^^}) balls with radius 1. Therefore, we obtain the bound min{[A^(/i + , Nq~^}, 

which is exceeded by the required bounds. 

Next, assume X < N — {fi + 2u), which implies that 



^iv2 -{x + vf < le'i < ViN + fiy-x\ 

and that |.^'| is contained to an interval of length 



^iV2 _ (X + 



Since X + < N — in + v), we have N(fj.+u) ^ \/ N"^ — (X + i/)2. We also observe from 
the assumption that \/ N"^ — {X + i/)2 > 1. Therefore, we obtain 



as a bound. 

N 



(ii) Note that 6^ > (^)^ and ^, > iV^^ imply A^^ > 1. If ^ e D n Bmq n Ke, then 



max{iVsin-, ViV2 _ + vf} < \^'\ < min{(iV + ^) sin 26*, ^ {N + - X'^} , 



so E M*^ ^ has to be in the intersection of a ball with radius A'^o and an annulus of radius 

^ N{^l+l 

~ NO 



NO and thickness < ^^mq^"^ iV0). We thus obtain the claimed estimate. □ 



3. Trilinear estimates 

The required bilinear estimates are reduced to some trilinear estimates by duality. In this 
section we shall prove various trilinear estimates for functions dyadically restricted both in the 
frequency variable k and in the modulation variable r + |/cporTib|A:|. 

3.1. Estimate for the high- modulation interactions. We begin with the trilinear esti- 
mate for the high-modulation cases, namely Lmax ^ -^max- discussed later, this category 
includes the high-low interactions where one Schrodinger frequency is much greater than the 
other Schrodinger frequency. 
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Proposition 3.1 (High-modulation interactions). Let d > 2. Let Nj,Lj > 1 be dyadic numbers 

:2(R X z^) 



and /, (71,(72 S L'i{M x Z^) 6e real-valued nonnegative functions with the support properties 



supp / C q3iVo n 2IJ± , supp gj C qj^v, n ©l^. , j = 1 , 2. 
Assume L^^.^ ^ -^max- 2^^en, we /laue 

// /(Co)5l(Cl)52(C2) < -t'max-C'mcd-^min^mm^max 1 1 / 1 1 1 1 5l 1 1 j;^2 1 1 52 1 1 ^2 ■ 

J J Co=Ci— C2 

Proof. An easy argument with the Holder and the Young inequalities implies a bound of 

-^min^min||/|lL2 Ikl II L2 119211^2 ^ -^min^maxiVmin^max 1 1 / 1 1 ^2 1 1^1 1 1 /^2 1 1^2 || ^,2, 

as required. □ 

Concerning the high-low interactions, the above argument will be sufficient for all the regu- 
larities satisfying (1.3) or (1.4) except for the border cases 1 = ^ — 1 and 2s = I + ^, for which 
we can recover the estimates in the following way. Note that a negative power of A'^min will be 
obtained at the expense of more power in L/s. 

Proposition 3.2. Let d> 2. Let /, gi, (72 G L'^{M. x Z^^) be functions as in Proposition 3.1, and 
assume Ni » A'2 or N2 ^ Ni. Then, we have 

/(Co)5i(Ci)52(C2) < L^^^Ll^^Ll-^N^^ iVi2 ||/||^2||9i|L2||92||^2- 

/Co=Ci-C2 

Proof. Without loss of generality we may assume A'^i S> A^2, which implies Nq ~ A^i 3> 1 
whenever the integral is nonzero. We can also assume Lmax ^ ^ma.x> because 

|ro ± I/coll + In + l/cipl + \t2 + |A;2p| > | ± |A:o| - jfeip + |A;2p| ~ iV^^^ 

under the convention Co = Ci ~ C2- 

We begin with the case Lmax = Lq. Applying the Cauchy-Schwarz inequality in and 
Lemma 2.5 (i), we have 

- /^12 \ 5 — 
/(Co)5'l(Cl)92(C2) < ||/||i2:^12hrr + ^ ^mfn P1IIL2P2L2, 
Co=Ci-C2 ^^^0 ^ 

with the prefactor bounded by 

i 1 1 d-l 

1 r2 T4 1 r2 X d-l 3 3 1 ]\T 2 

-^min 1 ■ 1 "T -^min ■ "jTr )iil2 - -^min-^mcd-^max — , 

]\T2 ]\T2 iVl2 ^ iVl2 

^^12 ^^12 

as desired. 

For the case Lmax = L2, we use the Cauchy-Schwarz in ^2 and Lemma 2.5 (ii) to obtain the 
bound 

||52|L2^|i(^ + 1) 'Ar^XI|/|L2||9i|L2, 

which leads to an appropriate estimate in the same manner as above. 

We finally treat the case -Lmax = Li, dividing the analysis into three subcases. 
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(a) Lq > N^- An application of the Holder inequality in C,^ followed by the Young inequality 
for the convolution implies that 

/(Co)5l(Cl)52(C2) < ||/||^2(4/5)||ffl|L2(L2)||52||^i(4/r), 

which is, by the assumptions and the Holder inequality again, estimated by 

^4||/|L2||5i|L2A^2^4||52|L2 (3.1) 

1 i_ 

1 d 3 r,-* r2 

^ \\J\\i2\\9i\\l2^^2 ^2 \\92\\i2 — r^f — ) 

^2 TV 12 

as desired. 

(b) L2 > This case is treated similarly to (a) if we apply the Young inequality as 

\\f\\i'iL»/A\9l\\pLA\92\\iiL»/^- 

(c) L02 -/Vf- Applying the Cauchy-Schwarz in d and then employing Lemma 2.5 (ii), we 
have an acceptable bound with prefactor 

1 

1 / r„„ \ i d-l 1 1 d-l T 2 

In fact, we will use Corollary 3.3 below for the high- low interactions. The less power of L^'s 
will lead to the longer local existence time of solutions, which will be important in constructing 
global solutions in the 2d case. 

Corollary 3.3 (High-low interactions). Under the same assumptions as in Proposition 3.2, we 
have 

/(Co)5i(Ci)52(C2) < L'^^^K,AL'^nm2 \\f\\ 

Co=Ci-C2 

Proof. An interpolation between Proposition 3.1 and Proposition 3.2 shows the estimate. □ 

The interactions with very low wave frequency are also treated here. Note that this case is a 
part of the high-high interactions to be discussed in the following two subsections. 

Corollary 3.4 (Very low wave frequency). Let f,gi,g2 G -L^(K x Z^j) be functions as in Propo- 
sition 3.1, and assume that Nq < 1. Then, we have 



IL 



1 



/(Co)5l(Cl)52(C2)<(^^0^1^2)«||/|| ^2 IIS'l 11/^2 1152 11^2. 

Co=Ci-C2 

Proof. The first half of the proof of Proposition 3.1 will be sufficient. □ 

3.2. Estimate for the middle-modulation interactions. We begin to establish the trilinear 
estimate for the high-high interactions in which two Schrodinger frequencies are comparable and 
not smaller than the wave frequency, namely Nq < Ni ^ N2. The case Nq ^ 1 is already finished 
in Corollary 3.4, and the case L^nax ^ N^^^ is treated with Proposition 3.1. We now assume 
A'^o ^ 1, and consider in this subsection the middle-modulation interactions, namely the case 
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Proposition 3.5 (Middle- modulation high- high interactions). Let d > 2, and f, gi, §2 € L^(Rx 
Z^) be functions as in Proposition 3.1. Assume that 1 Nq < Ni N2 -J^max ^ -^1 ■ Then, 
we have 



IL 



Co=Ci"C2 ^1' 



— -k — -I- — u,—^ Q I 



L2- 



Proof. (I) Lmax = Lq. We consider two cases separately. 

(a) If L12 > A'^o, we first apply the Cauchy-Schwarz inequality in Co and then Lemma 2.5 (i) 
to have a bound of 

1_ 1 _1 d-l 

11/1^2:^12^12^0 '^0' ||5l|L2||92||^2, 

which is sufficient after a multiplication by ( ) ^ ^' 

(b) If L12 ^ A'^o, we take a different approach. Observe that 

\\ki\'^-\k2?\ = |±|fco|-(To±|A;o|) + (ri + |A;i|2)-(T2 + |A;2p)| < iVo + ^max 

in the integral domain, which implies 1 1 A;i | — | A;2 1 1 < ^'^'^ -^1 ) • Therefore, by the orthogonality 
we can assume that gi and g2 are localized (in k) to an annulus of radius ~ A^i and thickness 
~ "^^f^ centered at the origin, as well as a ball of radius ~ A'^o (if A'^o ^ A'^i). Also, we have seen 
in the proof of Lemma 2.5 (i) that ki satisfies 

^0 , _ , l^ol , ^.^12. 

\ko\ 2|fco|+ 2 +^^Aro^' 

thus belongs to a specific plate-like region of thickness ~ (< 1) for fixed (ro,fco). Now we 
apply Lemma 2.9 (i) with A^ ~ A^i, ~ "^^f^j ^ ~ and obtain that the integral is evaluated 
by 

2 



:^l'2||/||L2Pl||i2||92||^2imaxAfo ' • 

It then suffices to multiply it by ( ^"fq"^ ) ^'^ ■ 

(II) Ljnax = Li or L2. Without loss of generality we assume Lmax = -^2- 

(a) The case Lqi > A'^i. Applying Lemma 2.5 (ii) after the Cauchy-Schwarz in (^2, we have a 
sufficient bound of 

1 1 _1_ d-l 

115211^2:^101-^01^1 "^O"" l|/|L2||5l||i2- 

(b) The case Lqi ^ A^i ^ Lemma 2.5 (ii) again implies a bound of 

||52||i2:L|iA^o' II/IL2II51IL2, (3-2) 
which is not sufficient in general. In the present case, however, we can multiply it by 

^iaxA^cT^A^r^ > 1 

and obtain the claim. 



ZAKHAROV SYSTEM ON TORUS 



17 



(c) The case Lqi <SC A'^i and Lmax ^ -^o-^i- ^Ve take the same approach as in the case (I)-(b). 
Restricting gi and 52 into an annulus of thickness ~ "^^^"^ and a ball of radius ~ -^0? can 
apply Lemma 2.9 (i) with ~ A''i, /x ~ and ~ (< A^i). The bound is 



1 3 d-3 



(3.3) 

Finally, we take the ^-interpolant between (3.2) and (3.3) and multiply it by ( ^f^T ) ^° obtain 
a suitable bound of 

444X'^<"ll/L4ffilL4ff2|L2. □ 

3.3. Estimate for the low-modulation interactions. We treat here the most dangerous case 
of low modulation, namely 1 <C A'^o ^ -^1 ~ -^2 and Lmax ^ -/Vi. As we have seen in Section 2, 
this case contains serious resonances which make it difficult to gain derivative (negative power 
of A^i). We will need more careful case-by-case analysis including decomposition with respect 
to the angle between frequencies. 

For any dimensions d > 2, it is possible to show some estimate yielding the control of the high- 
high interactions in the regularity range 2s>l + ^>d — 1. Moreover, if the spatial dimension 
is two, a little more consideration enables us to reach the border / = 0, which includes the 
important regularity of the energy space. Unfortunately, the same argument is not sufficient 
for the higher dimensional cases, and we leave the border case for d > 3 open. However, some 
number theoretic method (cf. [8, 11]) might be applied to reach the border, and even lower 
regularities. 

Before the analysis, we recall that in the present case the following two identities are valid 
for Ci) C2 in the integral region: 



l^il - 1^2! = |, I "^|, | (± l^ol - (to ± |A:o|) + (n + Ifcip) - (t2 + |A:2p)) 

I fCl I H~ I rC2 I 

I 1^0 1 ^ / -^max N _ ^ / -^0 + -^max x 

1^ • = ±^ + ^ + ^( - (TO ± Ifcol) + (n + |A:in - (r2 + 1^2^)) 



(3.4) 



(3.5) 



'2 2 A^o 

Proposition 3.6 (Low-modulation high-high interactions, d > 3). Let d > 3, and /, 51,(72 £ 
L2(MxZ^J) be functions as in Proposition 3.1. Assume that \ <^ Nq < Ni ^ N2 and L^^^^ <^ Ni. 
Then, we have 

3 3 d-2 

/(Co)5l(Cl)52(C2) < L|,axL^ed^O ' \\f\\ /^2 US'! 11/^2 11^2 II j;^2- 

Co=Ci-C2 

Proof. We consider several cases separately. 

(I) 1 <ti Nq < Lmax- Taking (3.4) into account, we can assume that and |/c2| are restricted 
to an interval of length ~ ^"^^ (^ !)• The orthogonality also admits us to further localize ki 
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and k2 to a ball of size ~ Nq. This and (3.5) then say that the ||^-component of ki is confined 
to an interval of size ~ minjA'^g, ^^^'^ } . We also have Nq <^ Ni and 

\cosZ{ko,ki)\ = < — < 1. 

Therefore, we first apply the Cauchy-Schwarz in (^q and then count the number of possible k^s 
for fixed fco, which is, from Lemma 2.9 (ii) with 9^1, estimated by 

min{<-i,L^^<-3| < Ll^Nt^ 

to obtain 

f{Co)gi{Ci)g2{C2)<LiLi^N^\\f\\J\gi\\J\g2\\^, 

'Co=Ci-C2 
as required. 

(II) Lmax <^ Nq <^ Ni. Since we also have | cos Z(A;o, /ci)| ^ 1, this case is almost parallel to 
(I), except that we take ^ 1 in applying Lemma 2.9. The resulting bound is 

1 d-2 

Lh^o' ||/|L2||ffl|L2||52|L2. 

Remark 3.7. In the case of (II), it seems nontrivial to show a similar estimate but with prefactor 

d-2 d-2 

Nq ^ or Nq ^ (^ )''"''; even if we pay any amount of Lmax- This is exactly the reason why the 
border case is left open for d > 3. 

(III) Nq ~ A^i. In this case we have cos /(/cq, /ci) ~ cos Z(— /cq, A;2) ~ +1, hence vr > 
Z{ki,k2) > 1. For the region where Z{ki,k2) < f, we just recall (3.4) and (3.5) and apply 
Lemma 2.9 (ii) with ^ ~ 1, which implies a suitable bound of 

1 d-2 

^12^0 ' ||/||L2||5'l||i2||52||i2- 

Let us next deal with another easy case of Z{ki, —k2) < -Z^max-^^i"^- Having restricted |A;i| and 

1 

|/c2| to an annulus, we may further restrict them into a ball of radius ~ imax- Then, the number 

d-l 1 d-2 

of kis for fixed /cq is bounded by Lmix ^ L^^^^Nq ^ , and thus 

1 1 d-2 

/(Co)5l(Cl)92(C2) <^i2^maxiVo' 1 1 / 1 L2 1 1 5l | ^2 1 1^2 1 1 ^2 • 

Co=Ci-C2 

1. 

For the remaining cases, namely L^a^xN^^ <^ Z{ki, — ^2) < f , we treat separately each of the 
integral in the region Z{ki, — ^2) ~ (p foi' dyadic L^^^N^ <^ (j) < 1. Since we have 

Ifeol \2 2|A;ip2| 



A:i| + |A:2|^ {\ki\ + \k2\y 



[l + COsZ{kl,k2)) ~ (p^ 



(3.4) actually says that pi| - |A;2|| = 1 + 0(0^ + %^). We also observe that 

(^ >) Z(/co, /ci) ~ smZ{kQ,ki) = |^ sin /(/ci, ^2) ~ (j). 
2 fcol 
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We can thus apply Lemma 2.9 (ii) with iV ~ iVi ~ iVo, ^ ~ t/)^ + v ~ and 9 



Note that the condition 9 ( At+mm{i/,i} ^ gg^^^jgggj if » Lmax^^i We finally obtain the 
following bounds of the number of A;i's for fixed /cq: 

(iVo'/')''"'(r'-</'' + l)~(iVo0)'-' 



for > L^axiVo ' ' 



for LI^a^Nq ^ > > L^s,xNq S and 

(iVo0)'^"'(.^"^%^ + 1) ~ (iV0</')""'.^"^%^ < 4ax(iV0.^)'^"' 
1 

for Lmax-^o~^ ^ -Z^max-ZVj"^, which imply the corresponding bound of // fgig2 for each (f). It 
is then sufficient to sum up these estimates over dyadic (/><!. □ 

Proposition 3.8 (Low-modulation high-high interactions, d = 2). Let d = 2. We do not 

decompose f in Nq, and let /, 51,(72 G x Z^) be real-valued nonnegative functions with the 

support properties 

supp / C > 1} n m^^, supp gj C ^n, n &L^, j = 1, 2. 

Assume that 1 Ni ^ N2 and L^^i^^ <^ Ni. Then, we have 

/(Co)9l(Cl)52(C2) < -^^maxi^cdll/ILallflllLalkalLa- 



llcn 



'Co=Ci-C2 

Proof. We follow the proof of the previous proposition. 

(I) The case 1 <^ \ko\ < Lmax- In this case we temporarily decompose / in A^o for the 
estimate. Applying Lemma 2.9 (ii) with N ~ Ni, /i ~ -^^p, ~ minjA'^o, -^^^j, and ~ 1, we 
have a bound of 

1 1 L . 1 

Ll^mm{N^, {^i)2}\\f\\^^\\g^\\^^\\g2\\^^. 

Summing this over dyadic A'^o, we obtain the desired estimate. 

(II) The case Lmax |A;o| ^ -/Vi- This time we can employ Lemma 2.9 (ii) with ~ 1. The 
resulting bound is 

1 

^i'2ll/IL2lkilL2||ff2|L2. 

1 

(III) |/co| ~ -^1- The two cases of Z{ki,k2) < § and Z{ki,—k2) < ^max-A^i""'^ are treated 
exactly in the same way as for d > 3. For the region Lmax-^i ""^ ^ Z{ki, — ^2) ^ -^^max^i"^, we 
divide dyadically with respect to Z{ki, —k2) and make the same argument as for d > 3. The 
resulting bound for Z{ki,—k2) ~ (f) is 

^?2('/'"'%^)'l|/IL45i|L2||52|L2, 
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1 

which can be summed over (j) ^ imax-^^^ to yield the claimed estimate. For the middle angle 
-^^max-^i"^ ^ ^(^1;— ^2) ^ -Z^max-ZV^ ^ , we do not decompose with respect to the angle and use 
Lemma 2.9 (ii) directly. Note that if Uq is fixed, ki is confined to the intersection of specific 

annulus and band, in which Z{kQ,ki) does not vary so much. Therefore, for each kQ, we can 

i -_i 

apply Lemma 2.9 (ii) with some single value of (lya,(iic between -/^max 

iVfi and UaxA^i ^ The 

result is 



1 

/(Co)9l(Cl)5'2(C2) < ^i^2||/|L2||5'i|Il2||5'2|Il2- 

Co=Ci-C2 



Only the case L|iax-/V^ ^ ^ ^(^1,-^2) < f is troublesome. In order to avoid a logarithmic 
divergence (i.e. estimate with log A^i), we decompose all of kQ, ki, and ^2 as follows. First, taking 
(3.4) into account, restrict ki and k2 to a common annulus {A^ < |fe| < iV + 10}, where ~ A^i. 
Then we make an angular decomposition of angular aperture ~ \/ L^aa^/Ni; define 



Dj := { (r cos (9, r sin 6*) e | iV < r < + 10, 2ir{j - 1) < OJ^^ < 27r{j + 1) } 



for j = 0, 1, ... , viVi/Lji^ — 1, and localize each of ki and k2 to one of them. From the 
assumption on Z{ki, —k2), we only need to consider ki G Dj^, /c2 G -Dja with 

(^i'J2) ej:={o< n,j2 < ^^-h 2 < d[n,h] < lOo}, 



where <i[ji, ^2] := min{|ji - J2I, \/A^i/Lmax - |ji - J2|}- Also, we localize /cq to a similar region 



:= { (r cos 0,r sine) G M^j 2^(j-g _ 1) < < 27r(je + 1), 

2Arsin 



7r(jr-l)V^ <r<2Nsm ^(jV + 1 



for some 



(jV, J,) G := {1, 2, . . . , - 1} X {0, 1, . . . , - 1}. 

The following is the key orthogonality lemma. 

Lemma 3.9 (Orthogonality). Assume that N ^ Ni ^ I, Lmax ^ 1; ^i^ic^ ^^o^ -^i/Lmax 
sufficiently large. Then, there is a two-to-one mapping k = {kt.,k,q) : J ^ J such that 

{ /ci - /C2 I fci G Dj„ k2 G Dj^ } C [J Dj^j^ 

Ur,je)eB{ji,j2) 

for any {31,32) G J, where 

B{jl,j2) ■■= { UrJd) G J\ \Hr{jl,j2) - jr\ < 10, d[Kg{ji, j2), je] <C} 

with a large constant C > 0. 

Proof. Let us first define k (see Figure 2). As the representative element of Dj, let 



k^ (j) := {N cos 27rj J , N sin 27rj ' 
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Figure 2. Correspondence between (ji,j2) and {jr,je) in Lemma 3.9. With N 
fixed, jr (length of k = ki — ^2) is (essentially uniquely) determined by d[ji,j2] 
(angle between ki and ^2, denoted in the figure by uj). Then, with d\ji,j2] fixed, 
(essentially) two candidates for jg (angle of k) are determined by ji . 



We see that 



- A;*(i2)| = 2Nsm 7Td[ji,j2]\/ 



Ni 



SO define Kr{ji,j2) '■= d[ji,j2]- For Kg, define first Kg{ji,0) as an arbitrary integer in [0, y 
1] such that fc*(ji) - k^{0) G -D^y^ o],Ke(ji,o)i and then 



f^e{h,h) := J2 + 



i^eih - i2,0) 



(ji > J2), 



for j2 / 0. li Kg > y we re-define it by Kg — y Note that A;*(ji) — k^,{j2) G D^(^j-^j^y 

It is clear from the definition that there are exactly two elements in J', or nothing, which 

satisfy K(ji,i2) = UrJe) for a specific (jr,Je) e J- 

Let A;i and A;2 be arbitrary elements in Dj-^ and Dj^, respectively. We observe that 



2A^sin 



7T{d[jl,j2]-2] 



< \ki-k2\ < 2(iV + 10)sin 7r((i[ii, J2] + 2) 
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Under the assumption that J2] ranges between 2 and 100, it is easily 

verified that 



2(iV + 10)sin n{d[ji,j2]+2)J^ < 27V sin 7r(d[ji,j2] + 10) 



Moreover, we see that 

\{ki - /C2) - (/c*Oi) - hij2))\ < dianiDj^ + dianiDj^ ^ Ni^ ^ 



thus the angle between ki — k2 and k^{ji) — A;*(j2) is 0{y — ^^)- The claim follows from these 
facts. □ 

Let us go back to the proof of Proposition 3.8. Thanks to the orthogonality lemma, we are 
allowed to focus on a situation that kQ,ki, k2 are localized to some specific Djr.je, Dj^^, and Dj^ 
respectively. In fact, an application of the Cauchy-Schwarz inequality in ji, j2 yields the desired 
estimate from decomposed estimates with respect to ji, j2, and {jr,je)- Under this localization, 
the angle between ki and —k2 is comparable to some \J ^^'^ <^ < 1. Therefore, we restrict 
|A:i| and |/c2| further onto some intervals of length ~ cfp' and follow the argument for the case 
(i > 3, obtaining the estimate 

/(Co)5l(Cl)52(C2)<LLdl|/|| ^2||5l||j^2||52||^2 

Co=Ci-C2 

for this case. □ 



4. Proof of Theorem 1.1 

In this section we apply the contraction mapping argument to the integral equations (2.2) to 
prove the local well-posedness, Theorem 2.4. Define the Duhamel operators 

ZsF{t) := -i f e*(*-*')^F(t') dt' , Xw±G{t) := i f e^^(*-*')<^>G(t') dt' . 
Jo Jo 

The following linear estimates will be used. Positive power of 6 included in these estimates 
enables us to deal with data with arbitrary size and verify the uniqueness of solutions in the 
Bourgain spaces. We will use a bump function ipsit) '■= ip{t/6), where tp £ C^(IR) is a function 
with the same property as r] given in Definition 2.1. 

Lemma 4.1 (Linear estimates). Let s G M. For any < 6 < I and < 6 < ^, the following 
estimates hold. The implicit constants do not depend on s, 6. 

WiJse'^^uoW ,,1,1 < \\uo\\hs, \\iJ5e~'^^^^wo\\ ,^1,1 < \\wo\\j^,, (4.1) 
X^.b.i ^ <5^^^||^i|| .1,1, ||V'<5W^|| Y-.M ^ ,1,1, (4.2) 

MAg M^^.^. MA^y^ M^^2' 

\\i^sIsF\\ 6"2-'\\F\\^s,-,,i, \\i,sIw^G\\ i^,<6""'\\G\\^s,-,.. (4.3) 

Ag S X^-^ W± 
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Remark 4.2. We also have 



,1 <5^-lG 



,s,-6,l 



for < 6 < i by the same proof. 



Proof. We shaU consider only the estimates for the Schrodinger case and write X'^''*'^ to denote 



X^''*'^. Once we note that (rib|A:|) ~ {T±{k)), proof for the wave case will be identical. 
Although most of these estimates were proved in [2], we give a complete proof. 
Before verifying the claim, we observe that 



(4.4) 



for < 5 < 1 and 6 > 0. In fact, we have 

L>1 



Il2 



5^ S-\dL)%sLt 



Il2 



1<L<5-1 



L>5- 



^ ^11 Hi (|t"|<i) 



+ 



By the definition of the X'^' ' norm, we see that 



V'5e**'^Mo|| 1,1 = ll^^ll 1 \\uo\\h^ 



< 



which shows (4.1). 
We now estimate 



N>1 L>1 



T -T')u{T',k)dT'\ 



Combining the Young and the Holder inequalities, we obtain, for fixed k and any dyadic 
L, Li, L2 > 1, that 



\'nL{T + 



iviMir - T')rjL,{T' + \k\^)u{r', k) dr'l 



LI 



< min{Li,L2}''||r/L^V'5|| 2||7?L2(- + \k\'^)u{-,k)\\ 1 



< min{Li,L2}^L2 ||r/Li V^H ^,2 ||??L2 (• + , k)\\ 

for < 6 < ^. Since the above norm vanishes unless L < max{Li,L2}, we have 

L%N{k)vL{r+\k\^) f {7jLM{r-r)r]L,ir' + \k\^)n{T',k)dT'\\^, 

r \ -1 >/ M 



L,Li,L2>l 



Li,L2>l 



/2 



for < 6 < i. Then, (4.2) follows from (4.4). 
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We next treat 

Jr Jo 

= i;s{t)F^'e"^'\'\ / F{T,k)i^s-^{T + \k\')^-[i{T + \k\')]''-' dr (4.5) 

- / F(r, k)'-^^t^^±^dr (4.6) 



i[T + \k\'^) 

+ Mt)F^' I e^"F(r, fc) '"tr:^;+f''^ cir. (4.7) 



i(T + 



From (4.4) we see that 



■^2.1 ^2,1 



and thus 



n=l (t" + 

for 6 > — ^. Decomposing dyadically and applying the Cauchy-Schwarz inequahty in r, we 
evaluate the above by (5 2 ~^ 11^11^(^8,-6,1 • Similarly, we use (4.1) (resp. (4.2)) to estimate the 
norm of (4.6) (resp. (4.7)) by , for h <\. □ 

Finally, we combine all the trilinear estimates proved in the preceding section and some of 
the above linear estimates to establish the crucial bilinear estimates. 

Proposition 4.3 (Bilinear estimates). Let d > 2 and {s,l) satisfy (1.3) or (1.4). Then, we 
have 



(-^(n?;))!! ,1, <62 \\u\\ 1, \\v\\ 1, (4.9) 

forO<6<l. 

Remark 4.4. In view of Remark 4.2, we also have the estimate (4.9) with the reduced-wave 



Duhamel operator Iw±G replaced by Jq e^*^* *')l^lG(t') dt'. 



Proof. For (4.8), we note the relation H-wH = to restrict our attention to the 



estimate of the first term. 

We make the Littlewood-Paley decompositions. 



s,i.l 



2 



1 12^5 (^^«^) II .,1,1 < W^s^sii^su- i^sw) 

Xg (5) 

Afi>l Ni>l No,N2>lLo,Li,L2>l 
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then it suffices to evaluate the above by 52~||?i|| a^i.iHuiH ; i i- We will apply Lemma 4.1 and 
the trilinear estimates in the preceding sections, considering the following nine disjoint cases: 



(0) 










(la) 


No > 1, 


Ni > iV2, 


L02 > N^, 




(lb) 


No > 1, 


Ni > N2, 


L02 < Nl 




(2a) 


No > 1, 


N2 » iVi, 


Lo2>Nl 






No > 1, 


N2 » iVi, 


L02 < iVo> 




(3a) 


No > 1, 


A^i ~ N2, 


L02 > Nl 




(36) 


No » 1, 


Ni ~ N2, 


L02 <C Nl, 


^1 > A^i', 


(4a) 


iVo > 1, 


Ni ~ iVa, 


L02 <C A^f , 


L02 < Li « iVf 


(46) 


No > 1, 


iVi ~ N2, 


^2 < iVf , 


Li < Lq2. 



For the case (0), it holds that iVi ~ N2. We apply (4.3) with 6 = \+, then Corollary 3.4, to 
have 

^ ^l''^^~^r^"(^O^1^2)^||i^JV2,L2(V'5^^)||i2||^JVo,Lo('0<5lt;)||^2 
Lo, 1/1,1/2 Lo,Li,L2 

<S^-NQ^\\PN2{i'5u)\\ ^-iJ\Pno{iPsw)\\ ,,1,1. 

Summing up over Nj and using (4.2) twice, we obtain the estimate for (0) with 5"^' . 

The cases (la) - (2b) stand for the high-low interactions, so we use Corollary 3.3. In these 
cases we have No ~ -^12 find Lmax 

~ max{ Lined 1 -^oi- Therefore, it holds that Li < Lmed for 
(la) and (2a), and that Li = L^ax ~ ^0 fo^ (^b) and (2b). 

For (la), assume L2 > Lq (the other case is parallel). By (4.3) with 6 = |+, 

^ AA^< ^ iVf5i-L7^"L|(LoLi)3+Af|~iVfi||P^,,Z/2(V'5^)L2||^'^o,Lo(V'5^)||^ 

<5i-Arf-'-iAr|-^-||P^,(V;5n)|| i,JP^„(V'5^i;)|| ,i+,i. 

If {s,l) is in the range (1.3) or (1.4), we have s - I - 1 < and (s - / - 1) + (f - s-) < 0. 
Therefore, the above is bounded by 

S^' N^'\\PN2{iJ5u)\\ i,^\\Pno{4'sw)\\ 

which is summable over N2 when we apply the Cauchy-Schwarz in N2 to create At the 

end we use (4.2) with 6 = |+ and obtain the claim. 

For (lb), we first apply (4.3) with 6 = |. The summation over Li will have no negative power 
of Li; nevertheless, we can treat it similarly to (la) because of the fact Li ~ Nq. We apply 
(4.2) with h = 1+ twice to conclude the desired estimate. 

The cases (2a) and (2b) are also similar to (la) and (lb), respectively. 
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Next, we treat (3a) and (3b), namely, the high- modulation high-high interactions, which is 
estimated with Proposition 3.1. We have A^'o < Ni, and again Li < Lmcd for (3a), Li = Lmax ~ 
N-^ for (3b). The estimate for (3a) in the case L2 > Lq is as follows: 

^ AA^< J] A^f5i-L^^"4(^oil)^iVo^iVri^'7V2,L2(V'5^^)|L2||^'7Vo,Lo(^<5«^)|L2 



Ln,L^,L2 Ln,L^,L 



d 



< 



Under the assumption | — / < 1, we have a prefactor ^ which enable us to apply the Cauchy- 
Schwarz in A'^o- We conclude the estimate by applying (4.2). (3b) is dealt with in the same 
manner, so we omit the details. 

(4a) and (4b) correspond to the middle- and low-modulation interactions, and we need to 
consider d > 3 and d = 2 separately. We see that Li > L^g^ for (4a), Li = L^i^ for (4b). As 
an example, we only consider the case (4b). 

When d > 3, we use Proposition 3.5 and 3.6, after (4.3) with b = j+, to obtain 

Y ^^~*'No^~)\PNAi^Su)\\ l + ^.llPNoiMLi^+.i- 

In order to apply the Cauchy-Schwarz in A'^o, we have to assume I > ^ — 1 with no equality. The 
rest of estimate is similar to the preceding cases. 

For d = 2, we have established a trilinear estimate for the low-modulation interactions. 
Proposition 3.8, without division in Nq. Note that the same is true for the middle-modulation 
interactions, since the estimate in Proposition 3.5 has the prefactor (^)'^^. Thus, instead of 
^A/""^, we consider the estimate of 



(V'^^^)]) 1 . 1,1 

Afi>l Nir^Ni Li,L2,L-3<N^ ^ 

for d = 2. Following the argument for d> 3, we obtain a bound 

Lo>l 

which is sufficient whenever ? > if we are willing to pay a little Lq. 

Let us next treat (4.9) with the same idea. We may restrict ourselves to the case of the -|- 
sign by symmetry. We begin with the Littlewood-Paley decomposition 

[ E ( E E ' 



AA^ = AA^,Ari,Ar2,Lo,L,,L2 := || ^'5^:^/+ (PtVq.Lo [i^7Vi,Li (V'5'«) " ^7V2,L2 ('05^')]) || i+i.^i ' 

We will omit the detailed argument and only see how the restriction for (s, /) is deduced. 

The case A'^q ^ 1 is easily estimated whenever s > 0. For the high-low interactions, we 
consider, for instance, A'o ~ A'^i ^ A'^2 and Lq = L^ax ~ A'q ^ L12. Imitating the above 
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argument (case (lb) for (4.8)), we see that 

This is appropriately estimated under the assumption / — s < 0, —2s + / + | < 0. For the 
high-modulation high-high interactions, considering the case 1 <C Nq ^ Ni ^ N2 and Li = 
-^max ^ -^1 for example, we obtain 

Since 2s -1- 1 > and l + ^ + l < 2s-|-l under the assumption 2s > 1 + ^ > d—1, this is summable 
over A^'o- Finally, we consider particularly 1 ^ iVo < iVi ~ A''2, imax ^ -^1 , and L2 = imim as 
an example of the high-high interactions with middle or low modulation. We obtain 

^ AA^<<5^"A^^'A^o^-iVrA^2^iPiVi(V'H|| .|+J|^'iv.(V'5^)|| . 

where we still have enough negative power of A^i, since 2s > holds under our assumption. 
Therefore, in contrast to the Schrodinger estimate (4.8), the wave bilinear estimate (4.9) admits 
the border case 2s = / -|- ^ even for d > 3. In fact, for d = 2 we do not have to care about the 
decomposition with respect to A'^q. □ 

Proof of Theorem 2.4- We write (2.2) as {u,w){t) = <I>(^,j „,g)(n, i(;)(t). For the term {'V)~^{w + 
lu), we use (4.3) and (4.2) to verify 

\-^i^-^')i^){V)-'w{t')dt'\\ ,1, <\\^Ps te-^('-''^(''Hv)-\^Ps^)it')dt'\\ 

^w?' i^) Jo ^vkI 



^ IhlLj^T^'O'i - Ikll '.i.i- 



Taking infimun over w, we have 



We also have a similar estimate for w, since 

M MA^,,_^ ■ M MA^_^ II UX^_^ II IIA^y_^ 

Let (s, /) be such that (1.3) or (1.4) is true, and r > be any radius. For any {uq,wo) G H^xH^ 
satisfying \\{uq,wq)\\us < r, we see from (4.1), (4.8), and (4.9) that 
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for < (5 < 1, which imphes that $(mo,«)o) ^ map on the bah of radius 2Cr in X^'^' (5) x 
-^w' (^) centered at the origin, provided 5 2 r <^ 1. Similarly, we have 



<C6-2 (l+||(n,u;)|| 1^ ^.1,, , + .,^,1,,, v'■i•^.^) 



X — {u','w')\\ 



x;'^'\5)xx'^i:\5y 



. 1 



which shows that ^[uo,wo) is contractive on this ball provided 6^ r <^ 1, giving a solution to 
(2.2). The uniqueness of solution in the whole function space X^"^' (6) x X^^^ [6) and the 
Lipschitz continuity of the data-to-solution map then follow from a standard argument. □ 

5. Proof of Theorem 1.2 
In this section we shall verify Theorem 1.2. More precisely, we will show the following. 

Theorem 5.1. Let A, cq, a, /3, 7 be any constants as (1.2). The following holds. 

(i) [Norm inflation] Assume that d = 2, s < |, / > max{0, 2s — 1}. Then, there exists a 
sequence {uo.Af} of smooth functions on satisfying ||?io,7v||//= ~^ as N ^ 00, such that the 
solution (ujv,nAr) to (1.1) with initial data (uo,Ar,0,0) satisfies \\nj\[{t)\\fji — )• 00 as N ^ 00 for 
any t eR, < \t\ < 1. 

(a) [Non-existence of continuous map] Assume that d = 2, s < ^, / = 0. Then, there exists a 
sequence {tio,Af} of smooth functions on satisfying \\uo^n\\h^ as N ^ 00, such that the 
solution [uNjniy) to (1.1) with initial data (wo,Ar,0, 0) satisfies ||?^Ar(^)||//i ~ 1 for any t £ M, 
< |t| ^ 1 and any sufficiently large N. 

(Hi) [Non-existence of map] Let d > 2. Assume that either I < max{0, s — 2} or I > 
min{2s — 1, s + 1} holds, and that the data-to-solution map {uQ,nQ,ni) 1— )• {u,n) of (1.1) for 
smooth data extends to a continuous map 

{{uo,no,ni)eH'^'\\\{u^,no,ni)\\Hs..i<R] ^ C{[-T,T]-H'^') 

for some R,T > 0. Then, this map will not be in these topologies at the origin. 

(iv) [Lack of bilinear estimates in the Bourgain spaces] Let d>2. Then, the bilinear estimates 

WuwW ys,b~i.p < n ys.fc.p w L,i,b,p, (5-1) 



\j^{uv)\\^Lb-i,p < \\u\\^s,b,p\\v\\j^s,b,p (5.2) 



(V) ^""^ ""''^w'i - ,, ,, 

do not hold for any 6 € M, 1 < p < 00 i// < max{0, s — 1} and if I > min{2s — 1, s}, respectively. 



Remark 5.2. (i)-(ii) means the ill-posedness of the problem, since the data-to-solution map on 
smooth data cannot extend to a continuous map under these regularities. The norm-inflation 
phenomena like (i) was observed for the Zakharov system on M by Holmer [15], and we will take 
the same approach. The ill-posedness assertion like (ii) was mentioned in Bejenaru and Tao's 
work [3] in a general framework; see also [17] for related results. 
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From (iii), we can say that the usual contraction argument in any space embedded continu- 
ously into Cd—TjTy^H'^'^) does not work in these regularities. Results of this type, which does 
not directly mean the ill-posedness of the problem, was first given by Bourgain [6] in the context 
of the Korteweg-de Vries equation. 

The bilinear estimates stated in (iv), which (with a suitable b and p) yield the local well- 
posedness for small initial data, are easily deduced from trilinear estimates obtained in Section 3 
provided {s, I) is in the range (1.3) or (1.4). Note that in the 2d case the regularity range given 
in (iv) exactly complements the range (1.4). The claim (iv) still holds for the Bourgain spaces 
of ^^-Besov type X''''''=^ (defined in a natural way) , which is trivial from the proof below. The 
lack of these estimates still prevent us from the usual contraction argument in the Bourgain 
spaces. However, in some regularity range it is strongly expected that a suitable modification of 
the Bourgain spaces will restore the bilinear estimates which will yield the local well-posedness 
of the problem. 



We start the proof of Theorem 5.1 by (iii). The initial value problem (1.1) is replaced by the 
system of integral equations 

ft 



uit) 



e'^^uo - iX 



J{t-t')A 



[n{t')u{t')] dt', 



, X / sin(i|V|) 
n(i) = cos(t|V|)no H ^T^^i 



* sin((i-0|V|) 



(5.3) 



IVI 



after the normalization of constants such that co = l,a = (l,...,l). We focus on the quadratic 
terms in the iteration scheme. 



ti(^^[tio,no,ni](t) = -i\ 



At-t')A 



, sin(t'|V|) \ ,,Y/A 

cos(t'|V|)no + — I J, '^ ni ) e'* ^mq 



V 



sm((t-tO|V|) 
IVI 



Throughout this section we assume /3i / for the constant /3 = (/3i, . . . , /3rf) G M'^\{(0, . . . , 0)}. 
For d > 2 and K iV G N, define i^Tv , A'tv G as 

,N n-\ , ~ A-Nn 
Kn = (— , ,0,...,0), Kn = ( ,-,0,...,0), 



71 72 

where n is the unique integer satisfying 



71 72 



'(2iV-l)2 1 2iV-l 2n-l 

^ 2 ~^ 
72 



7? 



7? 



7| 



1 1 



(5.4) 



N. 



(5.5) 



Note that I^atI ~ \Kn\ ~ |i^Ar - K]si\ ~ N and 

-\Km-Km\ + \Kn\'' -\Kn\^ 
We set 

fN{x) := e^^^-^ + e^^^-^ <7iv(x) := cos((i^,v - Kn) ■ x). 

Now, the claim (iii) will be verified from the following lemma. We refer to [15] for the detailed 
argument. 
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Lemma 5.3. We have the following. 

(i) Let {s,l) G satisfy I < 0. Then, there exists to > such that the estimate 

\\u^^^[uo,no,ni]{t)\\^, < ||(uo,no,ni)||^,_;, V(Mo,no,ni) G H"'^ (5.6) 

fails for any t € {—to, 0) U (0, to). 

(ii) Let {s,l) G M? satisfy I > 2s — 1. Then, there exists to > such that the estimate 

Ih^'^NWL. < Iholl^., yuoeH' (5.7) 

fails for any t G {—to, 0) U (0, to). 

(Hi) Let {s,l) G M? satisfy I < s — 2. Then, the estimate 

sup ||u(^)[uo,no,ni](t)|| < ||(uo,no,ni)||^,.,, y{uo,no,ni) £ H"'^ (5,8) 

-T<t<T ^ ^ 

fails for any T > 0. 

(iv) Let {s,l) G satisfy / > s + 1. Then, the estimate 

-T<t<T 

fails for any T > 0. 



sup ||ra(^)[uo](t)||^; < ||?^o||^s, Vuo e 



(5.9) 



Proof (i) Set uq := N'^'fiy, uq := N~^gN, ni = for large iV G N. Then, it holds that 
||(tio, ^0, ni)||j|^s,i ~ 1. On the other hand, a direct calculation shows that 

.F,.n(2) [no, no, 0] (t, Kj,) = cN'^-' e-^^*"*')'^'-!' (e^^'l^^-^^vl + ^-u'\k^-km^ ^-u'\k^\^ ^ 

and, by (5.4) and (5.5), that 
\J^^u^^^[uo,no,0]{t,KN)\ 



> cN 



,it' {\Kn-Kn\ + \Kn\^-\Kn\'') j^/ 



,it'{-\KN-KN\ + \KN\^-\KN\^) 



> c\t\N-'-^ - c'iV-^-'-i > c\t\N 



-s-l 



for < \t\ < to ~ 1 (for instance to = j^) and ^ |t| ^. Therefore, we obtain 
||n(2)[no,no,0](t)||^, > iV^|J-,n(2)[wo,no,0](t,K;v)| > |t|A^~', 

which implies that the estimate (5.6) does not hold for all N provided / < 0. 
(ii) We use no := N~'^fi\f and make a similar argument. It follows that 

\T,n^^^[uo]{t,KN-KN)\ 

rt ^i{t-t')\KN-KN\ _ f,-iit-t')\KN-KN\ 



cN^ 



-2s 



\Kn - Kn\ 



\KN-kN\le-'''\''^\e'''\''^\"dt' 



where I^at - Kn\1 ■= lii{'^^^f + h{=7^f- Noting (ii / 0, we obtain the lower bound of the 



• 72 



above as 



^it'{-\KM-KM\-\KM? + \KN?) ^^1 

> c\t\N-^'+^ - c'N-^' > c\t\N-^'+\ 







dt' 
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for < |t| < to ~ 1 and N > Hence we have 

and the estimate (5.7) does not hold for all N provided / — 2s + 1 > 0. 



(iii) Consider the following initial data with H'^'^ norm ~ 1; uq := 1, no{x) := ' cos(^rEi) 



jLa^a vviwi j/'^'' T. — 1 — AT^l r,^^{ K 

ni := for large G N. We see that 



^^m(2) r^^^ ^1/^^ (^^ 0, . . . , 0)) = ciV-'e"**^^^' / e'*'^^^' cosft' — ) dt' . 

71 Jo 71 



Taking t = joSiv^' ^^^^ ^ cos(t'^) > ^ for < t' < t, obtaining 



I J-,.u(2) [no, no, ^i] (y^' (^, 0, . . . , 0)) I > cN-'-\ 



Hence, it holds that 



sup ||n(2)[no,no,ni](t)|| > iV--'-2 
-T<t<T 

for T > and N > i^)^^"^- Therefore, (5.8) does not hold if s - Z - 2 > 0. 

(iv) Set no := 1 + , which has an norm ~ 1. Some calculation shows 

N /■*sin((t-t')f ) N ^ -it'(lL)2 

^,n(2)[no](t,(-,0,...,0))=c/ '-^^-fe '^-n^ dt' 

71 Jo ^/H 71 



ciV 



l-s 



g ^ 71 ' — e ^1 e 71 ' — g 71 



Wi ' 71 Wi ' 71 



= ^^^- \^)2{(^)2_i| |-2iV^^sin(t-) + 2iVcos(t-) - 2Are- ^^^^ 
Then, taking t = we see that the first term in the last line above dominates the rest and 



s-l 



hence 

sup ||n(2)[no](t)||^, >iV'"^-^ 

-T<t<T 

for T > and N > concluding that (5.9) does not hold if / - s - 1 > 0. □ 

Next, we show the wave norm-inflation phenomena (i) employing the argument of Holmer [15]. 
We also show (ii) by-product of the proof. 

We consider the case s < 1 first. Take an arbitrary (s', /') such that s < s', I > I' and 
< 2s' — 1 < /' < 1, then set s+ so that I' = 2s+ — 1 (see Figure 3, the left one). We choose 
initial data as uq n := N-" /tv. Then, 

IhcA^II^.' ~ 1, ||no,iv||^, ~ iV"-"' = o(l) (N^oo), 

and the calculation in the proof of Lemma 5.3 (ii) shows that 

\\n^'Huo,Nm\\m'>m''~'''-'' (5.10) 
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Figure 3. Choice of parameters in the proof of norm inflation, when s < 1 (left) 
and 1 < s < I (right). 

for any t ^ sufficiently close to zero and any ^ 1^1""^- 

Since ||iio,Af ll^/s' ~ 1) we can easily obtain a solution {uj\f,ni\f) to the initial value problem 
with data (no,Ar,0, 0), in the space X^"^' (T) x C{[—T,T];L ) with some T > independent of 
N, by solving the integral equation for un 

UN{t) = e**^«o,7V + re*(*-*')^[^z(t') T ~ f' ^'^'^ [uN{t")'^I^^ dt"] dt' (5.11) 

Jo Jo \^\ 

with the aid of linear and bilinear estimates (4.1), (4.8), (4.9) at the regularity (s',0), and then 
define n^v by the formula 

sin((t-i')|V| 

'0 



riNit) 



|V| 



Moreover, we recall Remark 4.4 and apply to (5.11) the estimates (4.1), (4.8) with (cr, 0), o" = s+ 
or ^, and (4.9) with (s',0), to obtain 



\un\ 



< 



Since \\un\\ ^s',^,i^^^ ^ ll^^o.Arll^^-, 



/ ~ 1, we have 



+ T'^~\\un\ 



'^'V-P^ll "x^'^' (T) 



with (T = s+ or ^ and T sufficiently small (still independent of A^). From a similar argument, 
we also conclude that the Duhamel term in (5.11) is much smaller in H'^+ than un, namely 



1 111 <T'~N 



\UN\\ . 1 



1- Ars++1— 3s' 
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We use the above estimates to measure the difference between n^"^^ [uo,n] and in H^' . Notice 
that 

n('^[uoM -n^= f ^M^^-fl^A,F^(tO dt' , 
Jo 1^1 



= UN{t'){uN{t')-ei''^uo^N) + {uN{t') - e'''^uo,N)e^''^uo,N. 



Hence, we employ (4.9) with regularity to obtain 

\h'' 



sup \\n^'^^[uo^N]{t) - nN(t)\ 



\t\<T 



t g-j(t-t')|V| H ^i{t-t')\V\ 



1 



Combining this with (5.10) and the fact that 2s' — 1 > 0, we have 

||n;v(t)||^. > \\nN{t)\\j,, > c\t\N^'-'^'+' - c'\t\l- N^'~'^'+' > \t\N^'~'^'+' 

for < |t| ^ 1 and sufficiently large N, which shows (i) for the case s < 1. 

1 

2 



For the proof of (ii), we take s' = s+ = i, /' = and repeat the above argument. Sufhciently 



small \t\ then allows us to obtain 



|nAr(t)||^, >c|t|-c'|t|i- >,.,, 



while letting N ^ oo shrinks the initial data in H^, obtaining (ii). 

The proof of norm inflation for the case 1 < s < | is parallel to the case s < 1, so we will 
omit the details. For (s, I) satisfying 1 < s < | and /> 2s — 1, we choose (s', /') such that s < s', 
I > I' , 1 < 2s' — 1 < /' < s' + ^, and then take s+,/_,s_ so that /' = s+, /„ = 54. — 1, and 

= 2s_ — 1 (see Figure 3, the right one). For the same initial data uq^at, we can show that 

lh^'^N,7v](t)L, > \t\N''~^''^\ < \t\ « 1, N » ir\ 

Ihivll a 1.1 , ^ |ho,Ar||j:^<. ~ iV^"""', cr = s-,s',s+, 
"Xg^' (T) 



UN 



„itA^, II ^ A7-s++2s_— 3s' 



sup ||n(2)K^](t) - n^m^, < iV2^++2s_-4s' ^ ^3^-4.'^ 
\t\<T 

Since I' < s' + ^ imphes /' - 2s' + 1 > 3/' - 4s', we conclude the norm inflation (i). 
At the end, we give a proof of (iv) to conclude this section. 
Recall the definition of K]\f, K]\f, and (5.4). Put 

u{T,k) := 5A'Ar(fc)l[_io^-2^io72-2]('^ + I^A^I^)' 

v{t, k) := 5^^(A;)1[_io^-2^^o^-2j(t + \Kn\^), 

w{T,k) := J^,^_^^(fc)l[_io^-2^io^-2j(T + |Kjv - Kn\) 
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for large iV G N. Note that 

for any & and p. We easily verify that 

^{T,k)>v{T,k), vil!{T,k) >u{T,k), uv{T,k) >w{-T,k), uv{T,k) >w{T,-k), 

which imply the estimates 

\\uw\\ ys,b-i,p > N'^ , ys,6,p||?i;|| „i,b,p ~ N^N\ 

> A^*, ||?;||^a,6,p llwll ^i,b,p ~ N^N\ 



I ^ 



^ (n?;)|| „i,6-i.p > iV'+\ ||n|| ^s.t.p ~ N"^" 

^ ' ''X^Kr ' ^ II IIAe 'll llv\c. 



(fti)ll yi,6-i,p > N^^'^, I lull „s,b,p ||n|| „s,6,p ~ A^^**. 



II (V) • ■ ■ - " 

We can easily disprove (5.1) for / < and (5.2) for /> 2s — 1 by using these estimates. 

The other cases, namely (5.1) for / < s — 1 and (5.2) for I > s, have been already treated in 
[18] in the Id setting, and the proof in [18] can be applied to our case d > 2 with some trivial 
modification. We will omit the details. 
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